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Abstract 
The coaxial rigid rotor helicopter has been proposed as a future high-performance rotorcraft concept. 
However, the aerodynamic interference of this helicopter is complicated because it couples with the 
unique flapping feature of the rigid rotor, which further alters the trim characteristics of coaxial rigid 
rotor helicopters. Thus, a multi-point vortex ring element (MVRE) model is developed to simulate the 
aerodynamic interference between rotors. The method for establishing this MVRE model is illustrated, 
and a wind tunnel experimental dataset is used to assess its precision in both hover and forward flight 
states. Next, a flight dynamics model of the coaxial rigid rotor helicopter is built based on the MVRE 
aerodynamic interference model and the flapping feature of the rigid rotor. The influence of the rotor 
wake on the fuselage and the horizontal and vertical tails can be also calculated by this model. The trim 
characteristics of this helicopter are evaluated with flight test data for speeds ranging from 0 m/s to 80 
m/s, and the results affirm that this model can reflect the trim characteristics with satisfactory precision. 
In addition, the calculation process demonstrates that the MVRE model provides a much faster 
computing rate. Considering the aerodynamic interference and rigid rotor characteristics, the trim results 
of the coaxial rigid rotor helicopter presents unique features: aerodynamic interference in the coaxial 
rotor system not only could increase the collective pitch and the collective differential, but also adds a 
negative gradient under the forward speed in the longitudinal cyclic pitch in the low-speed forward flight 
range. Moreover, the rotor wake effect on the other parts of helicopter is distinct from the corresponding 
effects on conventional helicopters in terms of the trim characteristics. 
Keywords: Coaxial Helicopter; Rigid Rotor; Aerodynamic Interference; Flight Dynamics 
Characteristics; Trim Characteristics 
 
 
0. Nomenclature 
TC    Lift coefficient 
K   Equivalent flapping spring rigidity 
(N.m/rad) 
I   Blade moment of inertia (kg.m
3) 
, ,L M N  External moments about the body axes 
(N.m) 
SUMM   Gross weight (kg) 
M    Blade mass static moment (kg.m
2) 
bN   Number of blades 
fV   Forward speed (m/s) 
R   Rotor radius (m) 
iR  State vector of the vortex ring motion 
, ,X Y Z  External forces about the body axes (N) 
e  Non-dimensional flapping offset 
km   Torque coefficient 
cr   Vortex core radius (m) 
t   Time step (s) 
fv   Velocity vector on the fuselage (m/s) 
tv   Velocity vector on the tails (m/s) 
v   Freestream velocity vector (m/s) 
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c   Control phase angle (°) 
   Rotor Speed (rad/s) 
   Flapping angle (rad) 
c   Lock number 
   Advancing ratio 
,    Pitching and rolling attitude (°) 
   Air density (kg/m3) 
n   Non-dimensional flapping frequency 
   Azimuth angle (°) 
Subscripts 
L    Lower rotor 
U   Upper rotor 
T   Tails 
F   Fuselage
1. Introduction 
The coaxial rigid rotor helicopter has attracted considerable research interest in recent years because 
of its high-speed performance [1] and outstanding cruise-efficiency [2]. Because of the reduced flapping 
amplitude of this rigid rotor system, the distance between upper and lower rotor centres may be far less 
than that of conventional helicopters to reduce the power consumption of the rotor hub [3]. However, the 
decrease in the rotor centre distance results in significant changes in the aerodynamic interference 
phenomenon, which in turn alters the trim features and other flight dynamics characteristics [4~7]. 
Moreover, the effects of the rotor wake on the fuselage and the horizontal and vertical tails should also 
be considered during the trim investigation. 
In the flight dynamics modelling and trim investigation, the simulation method of aerodynamic 
interference must take both efficiency and accuracy into account. Researchers have utilized different 
types of inflow models based on momentum theory to investigate the aerodynamic interference of the 
coaxial helicopter [8~12]. These methods assume that the rotor inflow is linear, but in reality, the rotor 
inflow has many non-linear components, which influence the flapping motion and consequently change 
the hub moment of the rotor. Moreover, the aerodynamic interference between rotors further complicates 
the inflow characteristics. Thus, momentum theory methods cannot have sufficient accuracy in the inflow 
calculation of the coaxial rotor. Furthermore, methods based on momentum theory present difficulty in 
simulating the rotor wake effect on the horizontal tail and the other parts of helicopters. In addition, 
although the CFD (computational fluid dynamics) [13~15] and VPM (viscous vortex particle method) [16, 
17] can be used to simulate the various types of aerodynamic interference with satisfactory precision, 
these methods are excessively time consuming and not suitable for flight dynamics analysis. Therefore, 
the development of a method to simulate the aerodynamic interference that is suitable for the trim and 
flight dynamics investigation of coaxial rigid rotor helicopters is in urgent demand. The free-wake 
method is widely used in the flight dynamics investigation, including that for coaxial helicopters [18~21]. 
However, although this method has an acceptable precision and the computing time is less than that of 
the CFD and VPM methods, this method still requires exorbitant computing time to achieve the trim 
state. On the other hand, Basset [22~24] performed research on the aerodynamic interference between the 
rotor and tail rotor in the conventional single-rotor helicopter and established a vortex ring element 
(VRE) model to analyse the effect of the aerodynamic interference between rotor and horizontal tails on 
the flight dynamics features. Although the VRE wake model ignores the wake dynamic extend-retract 
behaviour and cannot precisely simulate the aerodynamic interference phenomenon of the coaxial rigid 
rotor helicopters, the use of the proposed VRE model represents a potential method of simulating the 
aerodynamic interference of coaxial rigid rotor helicopters. 
On the one hand, the aerodynamic interference would change the inflow of the coaxial rotor, which 
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influences the rotor aerodynamics and hub moment. On the other hand, the coaxial rigid rotor helicopter 
has distinct flight dynamics characteristics because of the higher flapping frequency [25]. The hub moment 
is highly dependent on this frequency; thus, the hub moment induced by the aerodynamic interference is 
much greater for the coaxial rigid rotor helicopter than for other types of helicopters, leading to additional 
changes in the trim characteristics. In addition, the flapping response lag angle is also a function of the 
flapping frequency [26]. This angle determines the azimuth angle of the hub moment. Therefore, the 
direction of the interference-induced hub moment is also different from that of the conventional coaxial 
helicopter, which further alters the flight dynamics characteristics of the coaxial rigid rotor helicopter. 
In light of the proceeding discussion, the basic theory and modelling method of the multi-points vortex 
ring element (MVRE) model with the consideration of the rotor wake extend and retract behaviour is 
illustrated in this paper. The precision of the MVRE aerodynamic interference model is evaluated by 
comparison against wind tunnel experimental data in both hover and forward flight state. Next, the 
MVRE aerodynamic interference model is utilized to construct a flight dynamics model of the coaxial 
rigid rotor helicopter. Moreover, the effects of the rotor wake on the fuselage, horizontal and vertical tails 
are also calculated using the MVRE model. The accuracy of this flight dynamics model is assessed 
against the flight test data of the XH-59A helicopter. In addition, the proposed model is utilized to 
investigate the impacts of different types of aerodynamic interference on the trim characteristics of the 
coaxial rigid rotor helicopter. 
2. MVRE Model 
2.1 Physical Model 
    The MVRE model proposed in this article is based on Basset’s research results [22~24]. The model is 
constructed on the basis of the rotor disc hypothesis and the classical fixed wake model. The model 
allows the consideration of the rotor wake’s various distortion effects; therefore, it can be used to 
accurately simulate the wake geometry. The simplification process is shown in Fig. 1 
 
Fig. 1 Simplification process of the MVRE model 
 The vertical component of the cylindrical vortex has little effect on the induced velocity of the rotor, 
and the horizontal component is considered in the MVRE model. Thus, the wake is discretized as a 
number of vortex bands, with lengths given by 1 2, ,... nl l l . When the vortex strength density is i , the 
vorticity of the i th vortex band can be expressed as i i il = . The vortex bands can be simplified as 
concentrated vortex rings, which is indicated in Fig. 1. When the length of the vortex band is sufficiently 
small, this simplification can be used to simulate the rotor wake and its effect on the helicopters.  
2.2 Vortex Ring Kinematic Model 
The vortex ring has 7 degrees of freedom: three position degrees of freedom ( , , )i i ix y z  , three 
angular degrees of freedom ( , , )i i i    and a radius extend-retract degree of freedom ( )ir  . The state 
vector of the vortex ring motion can be written as [ , , , , , , ]i i i i i i i ix y z r  =R , and the rotor wake can be 
expressed as 1 2[ , ,..., ]N=R R R R , where N is the number of the vortex ring of the rotor wake. Therefore, 
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the equation of the vortex ring motion is obtained as follows: 
 ( ) ( , )i i i h i
d
dt
= +
R
u R v u R   (1) 
where xi yi zi=[v ,v ,v , , , , ]i i i i ir  u  is the velocity vector of the vortex ring and can be obtained by the 
Biot-Savart law; ( , )i h iv u R  is the relative velocity between the rotor and vortex ring; and hu  is the 
velocity vector of the rotor hub motion. ( , )i h iv u R can be easily obtained through the flight dynamics 
model and the transformation of the coordinates. 
 Because the vortex ring in the MVRE model is simplified from the vortex bands, the length of the 
vortex bands and its vorticity can be written as follows: 
 
0( )i hl t v w=  +   (2) 
 
0( )i ht v w =  +   (3) 
where 
0v  is the induce velocity on the rotor; hw  represents the vertical velocity at the rotor hub. The 
vortex strength density   is a function of the azimuth angle and given as follows: 
 
0 1 1= cos( ) sin( )c s     + +   (4) 
where 
0  , 1c  , and 1s  can be determined by the lift, pitching and rolling aerodynamic moment 
coefficients of rotor ( , ,T L MC C C ), respectively 
[27]. 
To calculate ( )iu R , the j th vortex ring in the wake is discretized as a number of calculation points
,i jP (vortex segment) with the same azimuth angle distance as illustrated in Fig. 2, the vorticity of which 
is obtained using Eqns. (3~4) and can be represented as 
,i j . Thus, the Biot-Savart law can be used to 
calculate its induced velocity at any point in space, and the vortex ring-induced velocity at point q  is 
obtained by integration of every calculation point. Therefore, the wake-induced velocity is determined 
by further integrating the induced velocity of every vortex ring, which is: 
 
,,
1, 1,
( , , )
i jq i j p
j N i M
v p q
= =
=   f   (5) 
where f  is the induced velocity calculation method according to the Biot-Savart law, and M is the 
number of calculation points in every vortex ring. Eq. (5) can be used to calculate the induced velocity 
on the rotor and the wake induced velocity on the fuselage and tails. 
O (Ri) Vn,p(Vz,p)
Vr,p
Vt,p
Pi,j
Vx,p
Vy,p  
Fig. 2 Calculation point on the vortex ring 
However, calculating the velocity induced by the same vortex ring or when the vortex ring that is 
close to the calculation point is a more complex process because the distance may lead to inaccuracy. 
Thus, Vatistas’ correction [28, 29] is utilized in this aerodynamic interference model. The schematic diagram 
of this vortex segment calculation method is shown in Fig. 3. 
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Fig. 3 Schematic diagram of the vortex segment calculation 
  Vatistas’ correction was developed based on Biot-Savart law along with the concept of the viscous 
core radius to improve the precision. The velocity at point q induced by vortex segment P1P2 is calculated 
as follows: 
 
1 2
1 2
, 1 2
2 2
(cos cos )
4
P P
q PP
n nn
c
h
r h
 


= −
+
v i   (6) 
where h  is the vertical distance between the point and the vortex segment; n  represents the vortex 
core model parameter, and i  is the reference vector.  
Eqns. (5~6) can be utilized to obtain the wake-induced velocity on the calculation point of the vortex 
ring, which is used to determine ( )iu R in Eq. (1). The velocity vector at each calculation point in both 
earth coordinates , , ,, ,x p y p z pV V V  and the local coordinates , , ,, ,t p r p n pV V V  in Fig.2 are also imposed in 
this process: 
1) The translational velocities of the vortex ring, xi yi ziv ,v ,v  , are determined by the average 
velocities , , ,, ,x p y p z pV V V  of every calculation point.   
2) The pitching and rolling angular velocities, ,i i   , are determined by the least square 
approximation based on the normal velocity ,n pV  at every calculation point.   
3) The yawing angular velocity i  and extend-retract velocity ir  are calculated by the average 
values of , /t p iV r  and ,r pV  respectively.      
Therefore, the equation of the vortex ring motion and description of the MVRE model are illustrated, 
in which the rotor wake motion equation and the wake-induced velocity calculation process can be 
obtained.  
The geometry of the vortex ring changes at every time step, which would lead to additional alteration 
of the induced velocity on the rotor. This alteration would influence the vortex strength density and 
further affect the wake geometry. Thus, during the trim process, the vortex ring model keeps calculating 
until the rotor aerodynamic characteristics reach the convergence condition. 
2.3 Application to Coaxial Rotor 
The aerodynamic interference between the coaxial rotors can be divided into two aspects: the 
aerodynamic interference between wakes and the wake effect of one rotor on the inflow of the other rotor.  
Based on the aerodynamic feature of the coaxial rotor, the motion equation of the coaxial rotor wake 
in MVRE model can be rewritten as: 
 
,
,
,
,
( ) ( ) ( , )
( ) ( ) ( , )
i L
i L i U i h L i
i U
i U i L i h U i
d
dt
d
dt
= + +
= + +
R
u R u R v u R
R
u R u R v u R
  (7) 
The second term in Eq. (7) donates the aerodynamic interference between the wakes of the coaxial rotor. 
Moreover, to simulate the wake effect of one rotor on the inflow of the other rotor, the wake-induced 
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velocities on the upper and lower rotors are rewritten from Eq. (5) as follows: 
 
, ,
, ,
, , , , , , ,
1, 1, 1, 1,
, , , , , , ,
1, 1, 1, 1,
( , , )+ ( , , )
( , , )+ ( , , )
i j i j
i j i j
q L i j L p L L i j U p U L
j N i M j N i M
q U i j U p U U i j L p L U
j N i M j N i M
v p q p q
v p q p q
= = = =
= = = =
=  
=  
   
   
f f
f f
  (8) 
where ,q Lv and ,q Uv are the induced velocities at points on the lower and upper rotors, respectively. The 
second term in Eq. (8) represents the effect of one rotor’s wake on the inflow of the other rotor. 
 In this investigation, the aerodynamic interference needs to be isolated to evaluate the effect of the 
aerodynamic interference between rotors on the trim characteristics. Thus, during the trim calculation, 
the second term in Eq. (7) and Eq. (8) can be set to zero to reflect the trim characteristics without the 
interference between rotors. The basic procedure of the MVRE model in the trim process is shown in 
Fig. 4. Dashed line denotes the aerodynamic interference between rotors, which is also shown in Eqns 
(7, 8).  
Rotor and wake initialization
Renew induced velocity 
on upper rotor. (Eq. (8))
Renew Ri,u. (Eq. (7))
Renew Г of 
vortex ring element
 in upper rotor
Renew Ri,l . (Eq. (7))
Yes
No
New v0,u and v0,l
New CT,u ,CM,u,CL,u and 
CT,l ,CM,l,CL,l
End
Renew Г of 
vortex ring element
 in lower rotor
Renew induced velocity 
on lower rotor. (Eq. (8))
Convergence condition of
 induced velocity
j=j+1
Aerodynamic calculation &
flapping motion model
Convergence condition of
 rotor aerodynamics
k=k+1
Yes
 
Fig. 4 Trim process of the MVRE model in a coaxial rigid rotor helicopter 
2.3 MVRE Model Validation 
In this paper, a wind tunnel experiment of the coaxial rotor is utilized to test the precision of the 
proposed aerodynamic interference model in hover and forward flight states [30]. Moreover, the results of 
the classic VRE model are used as the basis of comparison to illustrate the improvement of the MVRE 
model proposed in this article. The basic parameters of the coaxial rotors in the experimental system are 
demonstrated in Table 1. The advancing ratios of the wind tunnel experiment are 0 = (Hover) and 
0.15 =  (forward flight). The torques of the upper and lower rotors maintain balance throughout this 
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test according to the requirement of the wind tunnel experiment. 
Table 1. Parameters of the coaxial rotor in the aerodynamic experiment 
Parameter Value 
Rotor radius/m 1.25 
Rotor spacing/m 0.2625 
Rotor speed/(r/min) 600.0 
Number of blades 2×2 
Solidity 0.046 
Airfoil NACA23012 
  
Fig. 5 shows the lift coefficient TC  and the torque coefficient km  results of the MVRE and VRE 
aerodynamic interference model and the wind tunnel experiment. The results of the MVRE model are 
consistent with experimental data in the hover and forward flight states. Moreover, the findings indicate 
that the VRE model has less precision, especially in the hover state, because of the exclusion of extend-
retract motion. The proposed MVRE model, in effect, represents the complex interference between the 
coaxial rotors with precision and can be used to model the flight dynamics characteristics. 
1 2 3 4 5 6
2
4
6
8
C
T
 /1
0
-3
mk/10
-4
 MVRE 
 VRE 
 Wind tunnel test 
  
(a) Hover ( 0 = ) 
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1 2 3 4 5
2
4
6
8
C
T
 /
1
0
-3
mk/10
-4
 
(b) Forward flight ( 0.15 = ) 
Fig. 5 Coaxial rotor MVRE model comparison results 
 (the black and red lines represent the upper and lower rotor respectively) 
3. Helicopter Flight Dynamics Model 
In developing a coaxial rigid rotor helicopter flight dynamics model, the external forces and 
moments are composed of four parts: rotor, horizontal tail, vertical tail, and fuselage. 
3.1 Rotor 
 In addition to the MVRE model, the coaxial rotor model contains two other parts: the flapping 
equation and the aerodynamics calculation. The relationship between these parts is shown in Fig. 6. 
Aerodynamics CalculationControl Variables
Rotor Parameters
Airfoil Blade Force
Flapping Equation
Rotor Force
Aerodynamic Interference Model (Induced Velocity)
To Flight Dynamics 
Model
  
Fig. 6 Coaxial rigid rotor aerodynamics model 
The motion of the blade includes the flapping motion and the lead-lag motion. In this article, only 
the flapping motion is taken into consideration. Because the flapping rigidity of this rotor is significantly 
higher than that of the conventional rotor and the Coriolis force provided by the flapping motion is lower, 
the amplitude of the lead-lag motion is relatively small. Therefore, the presence of lead-lag motion 
contributes little to the overall flight dynamics characteristics of the coaxial rigid rotor helicopter. 
The higher flapping rigidity of this rotor also modifies the flight dynamics characteristics of the 
coaxial rigid rotor helicopter. To simulate the flapping motion more precisely, this paper utilizes the 
equivalent flapping offset and flapping spring method [31~32]. This equivalent method is shown in Fig. 7. 
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Fig. 7 Rigid blade flapping equivalence 
The non-dimensional equivalent flapping offset e  can be obtained as follows: 
 
0.75
1
tipW
e
R W
= −

  (9) 
where 
tipW  is flapping amplitude at the blade tip; 
'
0.75W is the flapping angle at 0.75R. The equivalent 
flapping offset is used to fit the blade flapping mode. The rigidity of the equivalent flapping spring given 
by Eq. (10) is used to guarantee the flapping frequency: 
 
2 2( 1 )n
eRM
K I
I

 

= − −    (10) 
According to the equivalent method, the flapping motion equation is represented by Eq. (11). 
 
2
A(1 eRM I ) K I M 0      + + + + =   (11) 
where AM  represents the aerodynamic, Coriolis, inertia and gravity moments. 
 The aerodynamic load calculation, including the airfoil aerodynamics, blade force, and rotor force 
calculation parts, is similar to that of a conventional rotor [31, 33]. The airfoil section is simulated using the 
lifting line model based on the airfoil aerodynamics look-up table, and by integrating the results, the 
aerodynamics of the rotor can be obtained. 
3.2 Modelling of Other Parts  
Horizontal and Vertical Tails  
In this article, the aerodynamic interference of the rotors’ wake on tails is taken into consideration 
through the MVRE model. Eq. (8) can be used to calculate the coaxial rotor wake interference on the 
horizontal and vertical tails. 
 In the modelling process of the horizontal and vertical tails, the tails are longitudinally divided into 
a number of elements with equal area, with every element maintaining the shape of the airfoil. The local 
velocity vector of each airfoil element can be expressed as follows: 
 
, ,, , , , , ,
1, 1, 1, 1,
( , , )+ ( , , )
i j i jt i j U p U t i j L p L t
j N i M j N i M
p P p P 
= = = =
=    v v + f f   (12) 
where tP  represents the position of the element on the tails. Then, the lift and drag coefficients of each 
airfoil element can be obtained from a 2-D airfoil aerodynamics look-up table with this velocity vector, 
and the tails’ aerodynamics can be calculated by the integration of the aerodynamics at every element 
The second and third terms in Eq. (12) represent the effect of the rotor wake on the aerodynamics 
of tails. When this effect needs to be isolated, these terms are set to zero. 
Fuselage 
 The rotor wake effect on the fuselage aerodynamics can be calculated through the MVRE model. 
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The velocity on the fuselage reference point is obtained with the consideration of the rotor wake effect 
as follows: 
 
, ,, , , , , ,
1, 1, 1, 1,
( , , )+ ( , , )
i j i jf i j U p U f i j L p L f
j N i M j N i M
p P p P 
= = = =
=    v v + f f   (13) 
where fP  is the reference point of the fuselage. Thus, the attack and sideslip angle of the fuselage can 
be determined. When these angles are relatively small, the wind tunnel test of the XH-59A helicopter [34] 
is used to calculate its force and moment coefficients. When the angles are quite large (e.g., the downwash 
effect in the hover state), a dataset of force and moment coefficients [31] can be used to determine its 
aerodynamics. These values have been found to reflect the characteristics of a wide range of fuselage 
shapes when the attack or sideslip angle is relatively large [35]. 
 Similar to the tail model, the latter two terms in Eq. (13) are set to zero when the wake effect on the 
fuselage needs to be isolated during the investigation.  
3.3 Trim Strategy 
 In the trim process, the helicopter should maintain zero translational and angular acceleration acting 
at the helicopter’s centre of gravity. Therefore, the objective function in this process can be expressed as 
follows: 
 
SUM
SUM
SUM
X M g sin
Y M g cos sin
Z M g cos cos

 
 
  
   = −
  
   −   
  (14) 
 
L 0
M 0
N 0
   
   =
   
      
  (15) 
Conventional helicopters have six trim variables (collective pitch 0 , longitudinal cyclic pitch 1c , 
lateral cyclic pitch 1s , collective differential 012 , pitching attitude , and rolling attitude ) and the 
six trim equations (i.e., Eqns. (14~15)) to constitute the trim strategy. However, the trim strategy of the 
lift-offset (LOS) could be a critical problem in determining the flight dynamics characteristics of the 
coaxial rigid rotor helicopters [36]. 
The LOS of the coaxial rigid rotor has a marked impact on its efficiency [37~40]. As LOS is adopted, 
the lift-centre moves towards the advancing side and the retreating side is offloaded. Therefore, the stall 
problems can be prevented and the advancing side can reach its maximum lift-drag ratio, thereby 
improving the rotor efficiency in high-speed flight. LOS can be regulated by the rotor control phase angle 
c , which is set to fit the requirement of related flight tests as follows 
[25]: 
 
40 , 40 m/s
50 50m/s 40 m/s
60 , 50 m/s
f
c f
f
V
V
V
 


 =  


，   (16) 
4. Trim Investigation 
4.1 Validation in Trim Results 
The example coaxial rigid rotor helicopter in this paper is the XH-59A helicopter. The basic 
parameters of the XH-59A are shown in Table 2 [25, 41].  
Table 2. XH-59A helicopter parameters 
Parameter Value 
Rotor radius/m 5.49 
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Number of blades 3×2 
Pre-twist/(°) -10 
Rotor speed/(rad/s) 35.9 
Taper ratio 0.5 
Flapping frequency/Ω 1.4 
Shaft spacing/m 0.77 
Horizontal tail area/m2 5.57 
Vertical tail area/m2 2.79 
Take-off weight/kg 5500 
Lower rotor position/m (0.00,0.00,-0.89) 
Centre of gravity/m (0.00,0.00,0.00) 
Horizontal tail position/m (-6.80,0.00,0.20) 
Vertical tail position/m (-6.80,0.00,-0.50) 
 
In the trim validation process, the trim results with the flight dynamics model on the basis of the 
MVRE aerodynamic interference model are shown in Fig. 8 from hover (0 m/s) to 80 m/s. The trim 
results of the XH-59A rotorcraft flight test data [25] are added for comparison.  
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Fig. 8 Trim results  
The comparison results suggest that the proposed flight dynamics model with consideration of all 
aerodynamic interference can be used to accurately simulate the trim characteristics of coaxial rigid rotor 
helicopters. Fig. 9 shows the trim computing time using the flight dynamics model based on the MVRE 
model and the free-wake model [20, 21]. With the same computing environment (CPU: i7-4700; Memory: 
16GB; without parallelization), the results indicate that the computing time of MVRE model (100 s ~ 
200 s) is relatively lower compared to that of the free-wake method (1400 s ~ 2000 s). 
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Fig. 9 Computing time comparison 
4.2 Aerodynamic Interference on Trim Characteristics 
 Aerodynamic interference of the coaxial rigid rotor helicopter can be divided into three parts: the 
aerodynamic interference between rotors, the interference of the rotor wake on the horizontal and vertical 
tails, and the interference of rotor wake on the fuselage. The MVRE model facilitates the investigation 
of these effects on the trim characteristics.  
Aerodynamic Interference between Rotors 
 Based on the illustration in section 2.3, the coaxial rotor’s aerodynamic interference effect on the 
trim characteristics can be easily isolated. Fig. 10 shows the trim results of the coaxial rigid rotor 
helicopter with and without considering the aerodynamic interference between coaxial rotors, with the 
flight data results shown for comparison. 
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Fig. 10 Aerodynamic interference effect between rotors on the trim results 
According to the comparison, the aerodynamic interference between rotors has an influence on the 
trim characteristics of the coaxial rigid rotor helicopter. The wake shapes calculated by the MVRE model 
with various forward speeds are also obtained to illustrate the effect of interference between rotors on 
the trim characteristics, as shown in Fig. 11.  
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Fig. 11 Wake shape of the coaxial rotor at different forward speeds 
According to Fig. 10 and Fig. 11, the influence of coaxial rotor interference on the collective pitch 
and collective differential is similar to those of other conventional helicopters [13]. The interference 
between rotors increases the collective pitch during trim flight and is more evident in hover and low-
speed forward flight. In this speed range, aerodynamic interference between rotors increases the inflow 
of the lower rotor and consequently reduces the thrust of coaxial rotor at a given collective pitch; as a 
result, the pilot must input more collective pitch to balance the vehicle. Moreover, the increment of the 
inflow in the lower rotor requires more collective differential to maintain torque balanced. In high-speed 
forward flight, the aerodynamic interference effect decreases; thus, the collective differential is reduced 
to approximately zero and the collective pitch results with and without considering aerodynamic 
interference become similar. 
In addition, coaxial rigid rotor helicopters have unique aerodynamic interference feature, which is 
the trim characteristics in the longitudinal cyclic pitch and the pitching attitude. The influence is most 
significant in low-speed forward flight, at which the interference causes the longitudinal cyclic pitch to 
have a negative gradient under forward speed and also leads the pitch attitude to be slightly higher.  
This influence is caused by both the interference effect and the features of the rigid rotor. To analyse 
this effect, the contour figures of the induced velocities on the upper and lower rotors are shown in Fig. 
12 at hover, 20 m/s, and 40 m/s. 
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Fig. 12 Contour figures of the induced velocity on the upper and lower rotor (lower rotor on the right) 
According to Fig. 12, the wake of the upper rotor mainly affects the backside of the lower rotor 
when the advancing ratio is 0.1 (20 m/s forward flight), and it causes extra downwash velocity in this 
area. In other words, the inflow of the rear part on the lower rotor becomes larger. On the other hand, the 
flapping frequency of the coaxial rigid rotor is much higher than that of conventional helicopters, thus 
causing a change in the phase difference between the azimuth angle of additional inflow and the direction 
of the hub moment it induced. This phase difference is called the flapping response lag angle , which is 
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dependent on the flapping frequency and given as follows [31]: 
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where   is the damping ratio, which is usually around 0.5. The flapping frequency of the coaxial rigid 
rotor is close to 1.4, and  is approximately 30 degrees according to Eq. (17). Therefore, the interference 
inflow of the lower rotor would mainly add the pitching moment to the vehicle, which requires the pilot 
to input more longitudinal cyclic pitch to maintain the trim state. When the helicopter is in hover, the 
interference on the lower rotor is symmetrical and cannot lead to additional pitching hub moment. With 
the forward speed increases, the rear part of the lower rotor is affected by the rotor wake of the upper 
rotor, which induces the upward pitching moment and needs additional longitudinal cyclic pitch to 
balance it. Next, as further increases the forward speed, the aerodynamic interference is no longer 
significant and the effect on the trim result becomes diminished. The input of the longitudinal cyclic 
pitch is reduced at this flight range. Therefore, the aerodynamic interference between rotors causes a 
negative gradient phenomenon on the longitudinal cyclic pitch results. 
 The pitching attitude is also influenced due to the aerodynamic interference between coaxial rotors. 
As analysed above, this interference increases the longitudinal cyclic pitch, causing the tip path plane to 
tilt forward, which results in more forward force to the helicopter. Thus, the vehicle should be tilted 
backward to maintain the balance in the forward force. The change in pitching attitude is usually in 
accordance with the change in the tip path plane angle. However, the increment of tip path plane angle 
is much less than the increment of longitudinal cyclic pitch due to the higher flapping frequency [42]. The 
interference induced alteration in pitching attitude is consequently much lower than that in the 
longitudinal cyclic pitch. 
Rotor Wake Influence on Other Parts 
 The MVRE model facilitates the consideration of the rotor wake effect on the horizontal tail, vertical 
tail, and the fuselage. The modelling process of these effects was illustrated above. The various types of 
influence can be isolated by executing the trim process without the related parts (the latter two terms in 
Eqns. (12~13)). Therefore, the aerodynamic interference of the rotor-horizontal tail (rotor-HT), rotor-
fuselage (rotor-FU), and rotor-vertical tail (rotor-VT) on the trim characteristics is obtained as shown in 
Fig. 13. 
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Fig. 13 Rotor wake-other parts interference effect on the trim results 
The rotor wake interference on the horizontal tail alters the longitudinal cyclic pitch and pitching 
attitude trim results. The horizontal tail is situated in the wake at the mid speed flight range, thereby 
producing extra upward moment. This phenomenon would also occur for the conventional helicopters. 
However, the amplitude of this influence in the coaxial rigid rotor helicopter is much lower than other 
helicopters [43] because the higher flapping frequency increases the control power of the longitudinal 
cyclic pitch. The longitudinal cyclic pitch control derivative can be expressed as Eq. (18) based on the 
flapping equation [42]: 
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2 2 2 4 2 2 2 4
1c n n
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  (18) 
The increments of wake-induced pitching moment on the horizontal tail for various helicopters are more 
similar; however, the control derivative of the longitudinal cyclic pitch in coaxial rigid rotor helicopter 
is much higher according to Eq. (18). In other words, the longitudinal cyclic pitch could provide a higher 
pitching moment with relatively less control input. Therefore, the effect of wake-horizontal tail 
interference on the longitudinal cyclic pitch is much lower (the maximum effect is 0.7 degrees at the 
speed of approximately 30 m/s). 
 The rotor wake interference on the vertical tail has only a minor influence on the trim results. This 
influence is relatively more evident in the collective differential and rolling attitude because the 
aerodynamic interference increases the attack angle of the vertical tail slightly and adds a yawing moment 
and sideward force.  
 The rotor wake influence on the fuselage mainly affects the collective pitch in hover and low-speed 
forward flight. The fuselage is partly situated in the wake of the coaxial rotors; thus, the interference 
from the rotors adds negative lift, which is similar to the conventional helicopter. 
5. Conclusions 
 A flight dynamics model of the coaxial compound helicopter based on the MVRE aerodynamic 
interference model was established. The precision levels of the MVRE model and associated flight 
dynamics model were evaluated through wind tunnel and flight test data. Moreover, the various types of 
aerodynamic interference can be isolated using the MVRE model so that these effects can be individually 
analysed. Our conclusions are given as follows. 
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1. The flight dynamics model associated with the MVRE model has satisfactory accuracy to consider 
the effect of aerodynamic interference on the trim characteristics. In addition, the computing efficiency 
of the MVRE model is considerably improved. 
2. According to trim characteristics, the aerodynamic interference between rotors not only influences 
the collective pitch and collective differential trim results (such as that in a conventional coaxial 
helicopter), but also changes the longitudinal cyclic pitch and the pitching attitude because of the higher 
flapping frequency of the coaxial rigid rotor. 
3. The influence of the rotor wake on the horizontal tail would change the longitudinal cyclic pitch 
and pitching attitude trim results. However, this influence is less than that of other conventional 
helicopters because of the higher control power in the longitudinal cyclic pitch. Moreover, the effect of 
the rotor wake on the fuselage adds the collective pitch during hover and low-speed flight, and the rolling 
attitude and collective differential results are slightly affected during high-speed flight due to the rotor 
wake influence on the vertical tail. 
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